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Abstract 

The Riemann problem is studied in the case when the unknown function has noniso- 
lated singularities, concentrated on the real axis. The problem is used for the factorization 
of functions, holomorphic outside of the unit circle and the real axis, in the form of product 
of two functions which have singularities on the given set of the real axis. 



The classical Riemann problem with zeroes is well known (see, e.g. [1]). It is required 
to construct two functions ipi(z), ip2(z), such that tpi(z) is analytic inside the closed 
contour T and has inside the contour n zeroes Ai , . . . , A n , and is analytic outside 

r and has outside the contour the zeroes fix, . . . , fi n . In addition, on the contour T the 
following relation is required: 

M0 = G(0M0, Cer, (l) 

where G(£) is a given complex- valued function on the contour. 

In this work the Riemann problem with additional singularities is proposed and solved 
in the case when the contour T is the unit circle and the zeroes and the singularities of 
the functions tpi(z) and tj)i{z), including non isolated singularities, are concentrated on 
the real axis. A particular case of such a problem is used in [2]. 

Notation 1. If the function f(z) is holomorphic everywhere in complex plane outside 
the unite circle T = {£, |£| = 1} and the real axis R, then the superindices + and 
denote the limit value of the function from inside ( + ) and from the outside (~) of the unit 
circle or from above ( + ) and from below (~ ) of the real axis (assuming that these limits 
exist): 

/±(0 = Hm J((lTs)0, |£| = 1, 
/ ± (x) = lim f(x ± ie), — oo < x < oo. 
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Now we formulate the Riemann problem with additional singularities. Let the function 



G(e ie ) =n(0)eW e \ -tt < 6 < tt, 

be given on the unit circle, where In n{6) and 0(0) are summable functions (fi(0) > 0, 
0(0) = 0(0)), and 0(0) is bounded. Let ip(t) = (p(t) be a bounded summable function 
on the real axis, which vanishes at least on one interval A' C (—1, 1) and on one interval 
A" C (— oo, —1) U (1, oo). It is required to construct a holomorphic function R(z), which 
do not have zeroes outside the unit circle and the real axis, and such that 

P^=^Y m , -tt<0<tt, (2) 
e^W, -oo<t<oo, (3) 



^ + (*) _ J<p{t) 



R~(t) 

assuming that these limits exist. Here we require the exact equality of the arguments 
in (2) and (3): arg jp|f|p] = 0(0), arg fJ-Q = ip(t), where arg |f| = 1, and 

arg R ± (t), -oo < t < 00, are defined in the following way. Let us fix points t' € A', 
t" £ A", in which R(z) is holomorphic and let — ir < arg R(t') < tt, —tt < arg R(t") < tt. 
According to the assumption, the function R(z) has four connected components of holo- 
morphy in which it does not vanish. It is the parts of the upper and lower halfplane 
restricted by the unit circle. Connecting the point z (Imz / 0, \z\ / 1) with the point t' 
or t" by a continuous curve, lying in one of the four components, we observe the contin- 
uous change of the argument of the function R(z) along this curve. Now the argument 
argi?(z) is defined uniquely. As z tends to the real axis (resp. to the unit circle), we find 
argi? ± (t),-oo < t < 00 (resp. &rgR ± (£), |£| = 1). 

It is easy to see that the Riemann problem with additional singularities is a general- 
ization of the classical Riemann problem with zeroes when the zeroes are concentrated on 
the real axis. In fact, if on some interval A G R, ±1 A, tp(t) = kir, fceZ, then this 
means that R(z) is holomorphic on A. If in the right and left half-neighborhoods of the 
point to the function <p(t) is constant and divisible by tt, and at the point the function has 
a jump of the form kir, this means that R(z) has at the point to a pole (k > 0) or a zero 
(k < 0) of the order |fc|. More complicated behavior of ip(t) implies more complicated 
character of the singularities of R(z). 

Notation 2. Introduce 

00 

P( 2 , 7 )=ex P {i/ 7(f )(^- T ^)4 (4) 



where j(t) = j(t), —00 < t < 00, and 7(0) = j(0), —tt < t < tt, are bounded measurable 
functions. The function P(z, 7) is defined and holomorphic at least for non real z, and 
P(z, A f), resp., is defined and holomorphic inside and outside the unit disk. The formulae 
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of Plemelj-Sokhotsky imply the following equalities, connecting the limit values of P(z, 7) 
and P(;z, 7) on the real axis and the unit circle resp.: 

arg P+(i, 7) = -argP-(t, 7) = 7 (t), |P + (t,7)l = \P~(t,-y)\, -00 < t < 00, (5) 

argP+(e* 7) = -argp-(e", 7 ) = |P + (e* 7 )l = |P"(e* 7)1, -vr < < vr. 

(6) 

Let us define the functions 

P«(z)=P(z,f), p( 2 )(.)=P(z,f), 

= expji- / -^InM) de}. (7) 



-7T 



It is easy to obtain from the formulae of Plemel-Sokhotsky that 
\R+(e ie )\ 

Lj^l (fl), argP+(e* e )=argP;(^), -vr < 6 < tt. (8) 

Thus, the following theorem is a simple consequence of the equalities (5), (6) and (8): 

Theorem 1. The function R(z) = R^\z)R (2 \z)R^(z) is a solution of the problem 
(2), (3). 

We observe that the summability of the functions ln//(0), 0(9), <p(t) being provided, 
we have the existence of the limits i? ± (£) and P ± (t) almost everywhere on the unit circle 
and on the real axis, and the functions lni?((l =F l£l = 1> an d lni?(t ± ie), t G R, 

converge respectively to lni? ± (^) and lni? ± (t) with respect to the metric of L 1 (see, e.g., 
[3]). Without paying attention to the problems of convergence, we will apply the Riemann 
problem to the factorization of functions with singularities on the unit circle and the real 
axis. 

Notation 3. We define on the real axis the map V of the symmetry with respect to 
the unit circle: 

V(t)=t~ 1 , tGR\{0}. 
For a set A C R\{0} and a function p(t), defined on R\{0} we denote 

V(A) = {t I t- 1 £ A}, 

V(p)(t)=p(t- 1 ). 
The main result of the work is the following 

Theorem 2. Let the function N(z) be holomorphic and not vanishing outside the 
unit circle T and a certain closed set S C R of the real axis and satisfies the following 
conditions: 

1) In the domain of holomorphy of the function N(z) we have 



N(z- 1 ) = N(z), N(z)=N(z), z^SUT. (9) 



3 



2) Their exists such positive constant C > 0, that in the upper semi-disk 



| arg N(z)\ < C, \z\ < 1, lm.z > 0. 

// S = Qi U V(f2i) U 1^2; where the sets Qi, V(fii), and Q 2 = ^(^2) /iawe i/ie mutual 
positive distances, then there exists the function R(z), holomorphic outside the set Q, = 
fli U Q 2 and outside the unit circle T, such that 

N(z) = R(z)R(z- 1 ) (10), 

and 

\R + (e ie )\ 

wm\ = ^ (11> 

where fi(9) = fi(—0) > 0, — it < 9 < it, is an arbitrary even function with summable 
logarithm. 

We remark that this theorem reduces to the Riemann problem with additional sin- 
gularities. Essentially, we construct the function R(z) so that the limit values of the 
arguments of the function R(z)R(z~ 1 ) equal the limit values of the argument of N(z). 
We also require that the function R(z) only have singularities onto the unit circle T and 
onto the set Q, and satisfy the additional condition (11) with practically arbitrary fi(9). In 
order to prove the theorem, we will need two simple lemmas demonstrating the properties 
of the functions P(z, 7) and P(z, / y). 

Lemma 1. The functions P(z, r y) and P(z, 7) in their domain of holomorphy satisfy 
the properties: 

P{z, ll + l2 ) = P{z, ll )P(z, l2 ), (12) 



P(z, 7 )=P(z, 7 ), (13) 

P( Z -\ 1 )=P(z,-V( 7 )), (14) 

P(z,^+j 2 ) = P(z^ 1 )P(z,j 2 ), (15) 
If J (9) = — x l{—9) is odd, then 

P{ Z -\* 1 ) = P{z^)). (16) 

Lemma 2. 1. Let fi(z) be holomorphic function of bounded argument in the halfplane 
{Imz > 0}, which do not have zeroes in the halfplane. Then it can be represented in the 
form 

f 1 (z) = C 1 P(z, Vl ), ImoO, (17) 
where C\ is a positive constant and 

rn(t) = arg ff(t), -00 < t < 00, (18) 

is the limit value of its argument from above on the real axis. 

2. Let f 2 (z) be holomorphic function in the disk \z\ < 1 of bounded argument. Then 
it can be represented in the form. 

f 2 (z) = C 2 P(z,rj 2 ), \z\<l, 
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where Ci > 0, and 

UO)=^gf+(e w ), -ir<6<Tr, 

is its limit value from inside the unit circle. 

Proof of lemmas. We will only prove the first part of Lemma 2 (equalities (12)- 
(16) are obtained by direct calculation). The function f±(z) is holomorphic and does not 
vanish in the connected domain {Imz > 0}. Hence, we can define uniquely a logarithm 
ln/i(z), which is holomorphic in the upper halfplane function with bounded imaginary 
part: |Im (inf^zfj \ < C 3 . Hence, the function (in /1 (z) + C 3 zj is the function of Nevan- 

linna (i.e. has positive imaginary part in the upper halfplane) and can be represented in 
the form (see, e.g., [4]) 

00 

lnf 1 (z)+iC 3 = a + (3z + - j (- ——^)dp(t), 

IT J t — Z 1 + t z 

— oo 

where the measure dp(t) is defined by a nondecreasing function p{t) with 
p(t 2 ) - p{h) = lim / Im (In f 1 (t + ie) + iC 3 )dt, 

a £ R, (3 > 0. Since Im In f\(z) is bounded, then (3 = 0, and the measure dp(t) is 
absolutely continuous dp(t) = (arg/ 1 f (t) + C 3 )dt. Besides, 

00 

iCs = - I {-^— - T-!-z)C 3 dt, 

IT J t — Z 1 + t z 

— 00 

hence, 

00 
—00 

where r/i(t) is defined by formula (18). This means that for the function fi(z) the multi- 
plicative representation (17) is obtained. The second part of the lemma is proven analo- 
gously. ■ 

Proof of Theorem 1. At first, we will present N(z) in the form of the product 
P(z, j)P(z, 7). It follows from (9) that argiV(z) is bounded in the part of the upper 
halfplane that lies outside the unit disk. The function 

M(A) = N{z)\ z+z -i =XM>1 

is holomorphic in the upper and lower haldplane, and its argument is bounded. According 
to lemma 2, 

M(\) = CP(\,r)), 

where r/(r) = arg M + (r), — 00 < r < 00, is a bounded function, and C > is a positive 
constant. (Henceforth we will denote by C positive constants, different for each case.) 
This representation is true in the both halfplanes, because M(z) = M(z), and because 
for P(X, i]) we have (13). Let X[-2,2](*) an d X(-oo,-2)u(2,oo)(*) be the indicators of the sets 
[—2,2] R\[— 2,2], respectively. We define the functions 

M (A) =P(A,x [ -2,2]'7o), 
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Mi (A) = P(A,X(-oo ,-2)U(2,oo)(*)*7l)- 

According to property (12), in the domain of holomorphy of M(A) 

M(A) = CM (A)Mi(A), (19) 

where, according to (5), the functions Mq(X) and Mi (A) are holomorphic on R\[— 2,2] 
and (—2, 2), respectively. Let us define in the plane of the parameter z the functions 

N (z) = N (z- 1 ) = M (z + z~ 1 ), \z\^l, N 1 (z) = N 1 (z- 1 ) = M 1 (z + z- 1 ), z $ E. 

It is evident that the functions Nq(z) and N±(z) are holomorphic and positive on the real 
line and the unit circle, respectively (except possibly the points ±1). Taking into account 
(9), (19) and this representation, we have at first outside, then inside the unit disk 

N(z) = CN (z)N 1 (z), (20) 

where the functions Nq(z) and N±(z), according to Lemma 2, can be represented in the 
multiplicative form 

N (z) = P(z,u ), N 1 (z)=P(z,u), (21) 
with an odd function on (tt, it) 

- -*<-») . ar gJ V V«) - a rg *+(,») -{ffig?- ZVeTo, < 22 » 

and 

u{t) = -u{t- 1 ) ee arg N+{t) = argiV+(t) = { ^(t^f-i), '^<' L 

We remark that Lemma 2 guarantees representation (21) for Nq(z) inside the disk (for 
N\(z) in the upper halfplane). However, the same representation is also true outside 
the disk (resp. in the lower halfplane), because of (16) and because Nq(z) = Nq^z^ 1 ) 
(because N\(z) = N\(z)). Thus, the problem of the factorization of the function N(z) = 
CNq(z)N\(z) is reduced to the problem of factorization of two functions N${z) and N\(z), 
represented in the form (21). At first we factorize N\(z). Let 

A = R\([-l, 1] U E) = R\([-l, 1] U fix U V(fii) U fi 2 ) = U fc A fc , 

where A& = (ctk,Pk) are mutually disjoint intervals and \a^\ > 1, > 1. 

It follows from the definition of A that the endpoints (at, (3k) of the interval belong 
to one of the three disjoint sets fii, V(Cli), f2 2 . Moreover, the number of the intervals, 
whose endpoints belong to different sets, is finite. In fact, if the endpoints of the interval 
(ctk,Pk) belong to different sets, then 

Pk ~ a k > min{dist(^i,y(ili)),dist(^i,il2),dist(V r (^i),f] 2 )}- 

If there were infinitely many of such intervals, then (except the case when the intervals are 
concentrated at the infinity) some of the intervals would have arbitrarily small length, so 
that one of the distances dist(f2i, F(fii)), dist(f2i, S7 2 ) and dist(V(fii), f2 2 ) would vanish, 
which contradicts to the conditions of the theorem. (If these intervals were concentrated 
in the infinity, then, according to H 2 = V(S1 2 ) and Sli = V(Qi), we would have that the 
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distance between the different sets and zero vanish, which contradicts to the conditions 
of the theorem, too.) 

Let us choose among the intervals A k such intervals, that one of the endpoints belongs 
to V(f2i), and the other belongs to f2i or Q 2 , or is equal to dbl. Let us renumerate the 
intervals A^ so that Ai,...,Afc are the chosen intervals (their number is finite). We 
divide the rest of the intervals in two groups: the intervals Al, whose both endpoints 
belong to V(Q\), and A k (all the rest). Let 

t ( Q fc , when a k V(Sli), * ( (3 k , when (5 k V(Qi), 

a k = 1 „-l „ T i, =vtn.\ Pk = \o-i mlnm a c i//n^ k = l,...,k . 



a k , when a k G V(f2i), \ f3 k , when G V^fiij 

(24) 

We observe that {a^}^^, {/9^} fc ?_ 1 and the intervals V(A' k ), A' k ' have positive distance 
with the set V(tti). We denote by Xi(*)i Xa°V)> Xa(*)i XaCO tne indicators of 

the set Oi, fi 2 , uj^A*., U fc A' fc , U fc A£. Evidently, 

Xi (t) + F( X i(t)) + xa(*) + xtHt) + ^(xk fc0) )(i)+ f25l 

+x' A (t) + v(x' A )(t) + x'k(t) + v( x 'k)(t) = i, t + ±\. K ) 

Lemma 3 (factorization of N\(z)). The function N\(z) can be factored out as 
follows: 

N^z) = CR Ql2 (z)R Ql2 (z- 1 ), (26) 



Rou(z) = R (z)R f (z)R^(z)R 1 (z)R 2 (z), 



where 



fco 



*« = n(p5)" w < 27 > 

k=l Z a k' 

n(k) = — &rgN + (t) G Z, tGAfc, fc = l,...,fc , 

= -pC^CxaM = p(*,x'», (28) 

R 1 (z) = P(z, X iv), R 2 (z) = P(z,± X 2v), (29) 

the constant C > 0, and f/ie numbers a* k , (3 k ,k = 1, ...,&o are defined by equality (24). 
Pere i/te function Rq\ 2 {z) is holomorphic outside the set Q. and the points ±1.0 

Proof. The holomorphy of Rq\ 2 {z) outside the set VtU {1, —1} easily follows from 
its definition: the function Rq(z)R'q(z)Rq(z) may have singularities only on the boundary 
of the set U 2 U {— 1, 1}, the function R\{z) may have singularities only on the set fii, 
and R 2 (z) on 2 . According to (21), (25), (12), 

N^z) = CP(z,u) 

= cp(z, (xi + v( X i) + X2 + x ( a o) + v(x ( a o) ) + Xa + v(x'a) + X'k + Vtfi))u) = 



1 Let us remark that formula (27) does not include the case when one of the points a k or j3 k in equal to the 
infinity, i.e. when belongs to the boundary of the set V{VLx). In this case the respective factor in Rq{z) should 
be defined as P(z, X(a* ,0*) n (k)n) . 
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= CP(z, X i")P{z, V{ X i)v)P(z, ^X2u)P(z, -X2v)x 

xP(z, x ( a^)P(z, V(x ( a 0) v)P(z, X»P(z, V(x'a»P(z, X»P(z, V (30) 
Here, according to the properties (14), (12), and the property v{t) = —v(t~ v ) (see (23)), 



P(z, X iv)P(z, V( X i)y) = P(z, Xiv)P(z-\xiv) = Ri(z)Ri(z- r ), (31) 

P(z, \xiv)P{z, \xiv) = P(z, )pt 2 v)P(z-\ X - X 2v) = Ri{z) R 2 ( Z - 1 ) , (32) 

P(z, x»P(z, V(xM = R'o^R'oiz- 1 ), (33) 

P(z, X »P(z, V(x'k» = R'^Kiz- 1 ), (34) 
and, from definition (4), 

oo 



P(z, x ( a o) v)P(z, V(x { a {,) » = ex P {i / (X (k0) (t) + Vix^MHt)^ - y^dt} = 

—00 

k —i 00 

- n(^Hfffrr w e*p{; / 

The exponential in the r.h.s is a constant. Further, it is evident that the right-hand side 
of the latest equality will not change if we replace ipk to a£, (p* k . That is why 

p(,,^)p^ vix^M = c ft ^'(i^iSl)-". 

fc=l z °fc z a fc 

But 

so 

P(^x2°V)P(^y( x 2 V) = CPoW^o^ 1 ) (35) 
(with another constant C > 0). Thus, from the equalities (30)-(35) follows (26). ■ 

Having factorized N±(z), we now factorize Nq(z). We define 

R 3 (z) = P(z^). (36) 

For |z| / 1, according to (15), (16), taking into account the oddness of vq{6) and repre- 
sentation (21), we have 

R 3 (z)R 3 (z- 1 ) = P(z, ^)P(z-\ |) = P(z, |)P(z, |) =?JV (*). (37) 

Let us define R/j,(z) by formula (7). It satisfies property (8). So, from the definition 
of i?3(z), the property (6) and the holomophy of #012(2) on the unit circle (possibly, 
excepting the points ±1), we have for the function 

Poi23 M W = Ro(z)R' (z)R^(z)R 1 (z)R 2 (z)R 3 (z)R^z) (38) 
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the relation 

ifldwoi _ km \Rj(o\ woi _ , n , e , = 1 

1^0123^(01 1^012(01 1^3(61 1^(61 ^' 11 ' 

But, as it follows directly from the definition of R^(z), with the use of the evenness of 

R^R^z' 1 ) = const > 0. (39) 
Thus, for the function -Roi23^(-?), defined by (38), we have from (20), (26), (39), (39) 

Roi23»(z)Roi23»(z- 1 ) = CN(z), C>0. 

Finally, taking 

R(z) = VCRoi2^(z), 
we see that R(z) is the solution of our problem. 

■ 

Certainly, the factorization (10) is not unique. As it will be seen from the next theorem, 
with some additional restrictions to the function N(z) we can require additional conditions 
to the behavior of the function R(z) near its singularities, for example, we can ask for the 
existence of the limits in the metric of L p , p > 1, of the functions R(t He), e — > +0. 

Definition. Let A be a certain set on the real axis, Ug(A) be its 5 -neighborhood, and 
f(z) be a holomorphic function in U$(A)\A. We say that the function f(z) locally belongs 
to the Hardy class H p in the neighborhood of the set A, if for some 5 > the functions 
f(t± ie), t £ Rfl Us (A), converge as e — > +0 in the metric of L p . 

Theorem 3. Let the function N(z), the sets S, Sli, Q2, V(Q\) and the function jj,{9) 
satisfy the conditions of the previous theorem. Assume that the set can be covered with 
a finite number of mutually disjoint intervals 5i , and on each of them 

ess sup arg N + (t) — ess inf arg N + (t) < tt . 
teSi teS i 

Then the function N(z) can be factored out so that (10) and (11) hold, and the function 
R{z) locally depends to the Hardy class H 2 in the neighborhood of the set ^2 - 

Proof. We will only show what changes should be done in the proof of Theorem 1 
to apply it to Theorem 2. The set 

A = R\([-l, 1] U Ox U V(ni}) = U k A k , 

is introduced, where A& = (ak,Pk) are mutually disjoint intervals. The set O2 he inside 
of these intervals. It follows from the additional condition of the Theorem 3 that on every 
set Afc\fi2 the function n(t) = n(k) = ^ arg N(t) G Z is constant. We extend this function 
to the whole interval (possibly, including f^), and also we extend it to V(A^) by the 
equality 

n[Z> \-n(k), t€V(A k ). 

Further, we divide A& to three groups: the intervals Ai, . . . , Afc , which have one of the 
endpoints in V(Q\) and the other in Q\ U{ — 1, 1}, the intervals A' k , whose both endpoints 
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belong to V(Q\), and the intervals A^ (all the others). We choose numbers a* k , (3%, 
k = 1, . . . , ho, by the same rule as it was done in the Theorem 2 (by formula (24). The 
functions Ro(z), Ri(z), R%(z), R^{z) are defined by formulae (27), (29), (36), (7). We 
also define the functions 

R' (z) = P(z, Vtf A )nir), R%(z) = P(z, j&ror), R 2 (z) = P{z, Y - X2 (v - mr)). 

The rest of the proof does not change. We will explain how to prove that the function 
R(z) locally belongs to the Hardy space in the neighborhood of ^2- The function R2(z) is 
represented in the multiplicative form R<z(z) = P(z, — nir)). Here, the oscillation of 

the function ^X2(t)(i / (t) — n(t)ir) on the interval <5; is less than ^. This implies (see, e.g., 
[5])0, that Rz(z) locally belongs to the Hardy space in the neighborhood of any compact 
subset of the interval 5[. (Such intervals 5i cover Q 2 according to the condition of the 
theorem). Simultaneously, the functions Rq(z), R'q(z), Rq(z), Ri(z), Rz(z) and R^{z) are 
holomorphic on 0,2, from where we obtain that R(z) locally belongs to the Hardy class 
H 2 in the neighborhood of the set O2. 

■ 

We remark that the functions R' (z), Rq(z) can also be presented in the form of a 
product (27) (generally speaking, this product is infinite). However, if the intervals 
do not belong to a finite set of the real axis, then additional factors will occur in the 
expression for Rq{z). 

Remark. This paper is the translation from [6]. 
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2 We use the following fact from this book 
Theorem (Smirnov). If f(z) is analytic in the disk \z\ < 1 and Hef(z) > 0, than f € H p for every p > 1. 
(Here the Hardy space in the unit disk \z\ < 1 is denoted by H p ). 
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